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4.6: Gradient, Divergence, Curl, and Laplacian

In this final section we will establish some relationships between the gradient, divergence and curl, and we will also introduce
a new quantity called the Laplacian. We will then show how to write these quantities in cylindrical and spherical coordinates.

Gradient
For a real-valued function f(z,y, z) on R?, the gradient V f(z,y, 2) is a vector-valued function on R3, that is, its value at a
point (z,y, z) is the vector

of of af\ of. of. o
Vf(a:,y,z): (a_i,af,a—ﬁ) = —fi+—fj+_fk

Ox Oy 0z
in R?, where each of the partial derivatives is evaluated at the point (z,y, z). So in this way, you can think of the symbol V as
being “applied” to a real-valued function f to produce a vector V f.

It turns out that the divergence and curl can also be expressed in terms of the symbol V. This is done by thinking of V as a
vector in ]R?’, namely

V—a' 9, ak 4.6.1

Here, the symbols are to be thought of as “partial derivative operators” that will get “applied” to a real-

o 0
oz’ oy ¢ B2

of 0 0 0

valued function, say f(z,y,2), to produce the partial derivatives —f, of an —f For instance, — “applied” to
Oz’ Oy 0z Ox

of
d =-.
f(z,y, z) produces %
: . 0 0 0 . .
Is V really a vector? Strictly speaking, no, since 5 By and 55 e not actual numbers. But it helps to think of V as a vector,

especially with the divergence and curl, as we will soon see. The process of “applying” % @, e to a real-valued function

f(z,y, 2) is normally thought of as multiplying the quantities:

(2)0-L (2)in-2L (L) -

For this reason, V is often referred to as the “del operator”, since it “operates” on functions.

Divergence

For example, it is often convenient to write the divergence div f as V.f, since for a vector field
f(z,y,2) = fi(z,y,2)i+ fa(z,y,2)j+ f3(z,y, 2)k , the dot product of f with V (thought of as a vector) makes sense:

Vet = (gitpi k) (e i (e i+ (e k)

~(g) 0+ (5) )+ (32) ()
= %4‘ % + %’“
=divf

We «can also write curl f in terms of V, namely as V xf, since for a vector field
f(ﬂi,y, Z) :P(Zﬂ,y, Z)i-l-Q(SC,y, Z)j+R($aya z)k , we have:
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i j k
N 0 )
S ™ By 8z

P(z,y,2) Q(z,y,2) R(z,y,2)
8R  0Q 8R 8P 8Q oP
(&) (E-F)iH(E-7)

OR 0Q OP OR) . oQ OP
(ay‘az>+<az E)”(c%‘%)k

=curl f
. . of. Of. Of, . . .
For a real-valued function f(z,y,z), the gradient Vf(z,y,z) = 8_1+ @J-l-a—k is a vector field, so we can take its
T 2
divergence:
divVf=V-Vf
0., 90, 0 of. of, 3f
= D+ =ik i 2 2L
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Note that this is a real-valued function, to which we will give a special name:

For a real-valued function f(z,y, z), the Laplacian of f, denoted by Af, is given by
32 f &f & f

57 0T (4.6.2)

Af(z,y,2) =V -Vf=

Often the notation V? f is used for the Laplacian instead of A f, using the convention V> =V .V .

Let r(z,y,2) = zi+yj+zk be the position vector field on R®. Then ||r(z,y,2)||> =r-r =22+ 9>+ 2% is a real-valued

function. Find

a. the gradient of ||r||?
b. the divergence of r
c. thecurlof r

d. the Laplacian of ||r||?

Solution:
(@) V|r||? = 2zi+2yj + 22k =2r
0 0 0
(b)V-r:%(x)+@(y)+a(z):1+1+1:3
©
i j k
0o 0 . . _
Vxr= % % o2 =(0-0)yi—-(0-0)j+(0—-0)k=
z oy z

&
o7 — (2 +y*+2 Hﬁ( 4+ y?+22)=2+2+2=6

Note that we could have calculated A||r||> another way, using the V notation along with parts (a) and (b):
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| A=V -V|r|’=V -2r=2V.-r=2(3) =6

Notice that in Example 4.17 if we take the curl of the gradient of ||r||? we get
V x (V|r[*) =V x2r =2V xr=20=0.

The following theorem shows that this will be the case in general:

For any smooth real-valued function f(z,y,2),V x (Vf)=0.

We see by the smoothness of f that

i j k
o 6 9

Vx(Vf)=|0z o8y 0z (4.6.3)
of of of
or Oy Oz
:(%‘%)i_(afi‘afai)”(afé‘afé)kz& (46.4)

since the mixed partial derivatives in each component are equal.

If a vector field f(z,y, z) has a potential, then curl f=0.

Another way of stating Theorem 4.15 is that gradients are irrotational. Also, notice that in Example 4.17 if we take the
divergence of the curl of r we trivially get

V- (Vxr)=V-0=0. (4.6.5)

The following theorem shows that this will be the case in general:

For any smooth vector field f(z,y, z), V- (V x f) = 0.

The proof is straightforward and left as an exercise for the reader.

The flux of the curl of a smooth vector field f(z,y, z) through any closed surface is zero.
Proof: Let X be a closed surface which bounds a solid S. The flux of V x f through ¥ is

//(V xf)-do = ///V -(V x £) dV (by the Divergence Theorem) (4.6.6)
s

b

= / / / 0dV (by Theorem 4.17) (4.6.7)
S

=0 (4.6.8)
(QED)

There is another method for proving Theorem 4.15 which can be useful, and is often used in physics. Namely, if the surface
integral ([ f(z,y,2z)do =0 for all surfaces ¥ in some solid region (usually all of R? ), then we must have f(z,y,2) =0
b
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throughout that region. The proof is not trivial, and physicists do not usually bother to prove it. But the result is true, and can
also be applied to double and triple integrals.

For instance, to prove Theorem 4.15, assume that f(z, ¥, z) is a smooth real-valued function on R®. Let C' be a simple closed
curve in R?® and let ¥ be any capping surface for C' (i.e. ¥ is orientable and its boundary is C). Since V f is a vector field, then

//(V x (Vf)) ndo = ?{ V f-dr by Stokes’ Theorem, so
c
>

= 0 by Corollary 4.13.

Since the choice of ¥ was arbitrary, then we must have (V x (Vf))-n =0 throughout R?, where n is any unit vector. Using i,
j and k in place of n, we see that we must have V x (Vf) = 0 in R?, which completes the proof.

A system of electric charges has a charge density p(z,y, z) and produces an electrostatic field E(z, y, z) at points (z,y, z) in

space. Gauss’ Law states that
//E-doz47r///pdV

3 S

for any closed surface 3 which encloses the charges, with S being the solid region enclosed by 3. Show that V-E = 4mp .
This is one of Maxwell’s Equations.

Solution

By the Divergence Theorem, we have

/S//V-EdV —!/E-da

=A4r / / / pdV by Gauss’ Law, so combining the integrals gives
s

/S//(V-E—lhrp)dV =0,so

V-E —4mp = 0since ¥ and hence S was arbitrary, so

V-E = 4mnp.

Often (especially in physics) it is convenient to use other coordinate systems when dealing with quantities such as the gradient,
divergence, curl and Laplacian. We will present the formulas for these in cylindrical and spherical coordinates.

Recall from Section 1.7 that a point (z,y,z) can be represented in cylindrical coordinates
(r,0,2), where z = rcosf,y =rsinf, z = z. At each point
(r,0,2), let e, eq, e, be unit vectors in the direction of increasing r, 6, z, respectively (see Figure 4.6.1). Then e,, ey, e, form
an orthonormal set of vectors. Note, by the right-hand rule, thate, x e, = ey.
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e,

z €y
(x,3.2) g,

¥ 5,0

Figure 4.6.1 Orthonormal vectors e, €y, e, in cylindrical coordinates (left) and spherical coordinates (right).

Similarly, a point (z,y,2) <can be represented in  spherical coordinates  (p,6,¢), where
z = psinpcosf,y=psinpsinb,z= pcosp. Ateach point (p,0, ), lete,, ey, e, be unit vectors in the direction of increasing
p,0, ¢, respectively (see Figure 4.6.2). Then the vectors e,,eg,e, are orthonormal. By the right-hand rule, we see that
ey xe,=e,.

We can now summarize the expressions for the gradient, divergence, curl and Laplacian in Cartesian, cylindrical and spherical
coordinates in the following tables:

(z, 9y, 2): Scalar function F; Vector field f= fii+ foj + fsk
F F F

e gradient: VF = (?9_.@ +%J+ %_zk

. divergence:V-f_%+%+%

g (Y OB\, (0h Of\. (0h oh
.Curl.vx£_<3’y—32>1+<3z_8m)‘]+<8m_8y)k

&PF &F OF
+8y2+

o Laplacian: AF =

(7,0, 2): Scalar function F; Vector field f= f,e, + foeg + f.€.
OF 1 0F OF
R

e gradient: VF = 0 o ,
f0+ fz

* divergence: V- fl' =a fr . ((9 ffT) " 598f azaf o ”
z 0 r z r

e Laplacian: AF = — 1 0 ( 6F>+ LOF  OF

ror \ or 2 (902 922

(p,0,¢): Scalar function F; Vector field f= f,e, + foes + f e,
OF 1 OF 1 3F

J dient: VF = — —_— ——
gracien Op N psine 50 © e pa&p G 5
1 1
e divergence:V - f— (p fo)+ smgo%—o—ma—so(simpfg)

_ 1 of, 1/0 of, 1 0f, 10
o curl: Vxf= = ( (sinpfy) — 50 )ep+—(a—p(pf¢)%) e9+(_psingomza_p(pfe)> e,
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Laplaci AF 1 8(2(9F)+ 1 82F+ 1 6(_ 0F>
L4 aplacian : = ——— —_— - | SIn @ —
P AT p2sin’p 09>  pPsing Op Yo

The derivation of the above formulas for cylindrical and spherical coordinates is straightforward but extremely tedious. The
basic idea is to take the Cartesian equivalent of the quantity in question and to substitute into that formula using the
appropriate coordinate transformation. As an example, we will derive the formula for the gradient in spherical coordinates.

Goal: Show that the gradient of a real-valued function F(p, 8, ¢) in spherical coordinates is:
VF— OF 1 OF 1 0F
- Op €t psingp 06 et 0 &pew

OF, OF, OF

Idea: In the Cartesian gradient formula VF(z,y,z) = %i + Ej + Ek , put the Cartesian basis vectors i, j, k in terms of
the spherical coordinate basis vectors e,, ey, e, and functions of p,0 and ¢. Then put the partial derivatives Z_Z’ %, %—1: in
terms of 8—F, 8—F, 8—F and functions of p, 0 and .

Op’ 00’ Oy

Step 1: Get formulas for €,, €y, €, in terms of i, j, k.

We can see from Figure 4.6.2 that the unit vector e, in the p direction at a general point (p,0,¢) is

r
e, = m, where r = zi+yj + zk is the position vector of the point in Cartesian coordinates. Thus,
r

I xi+yj+zk
Pl 2R yi et

so using z = psinpcosf,y = psingsinh, z = pcosy, and p= /2> +y> +22 , we get:

e, = sin ¢ cos 6i + sin ¢ sin 0j + cos pk |

Now, since the angle 8 is measured in the zy-plane, then the unit vector ey in the 8 direction must be parallel to the zy-plane.
That is, ey is of the form ai+ bj+ 0k . To figure out what a and b are, note that since ey L e 07 then in particular ey L e o when
e,isin the zy-plane. That occurs when the angle ¢is7/2. Putting ¢=7/2 into the formula for
e, gives e, = cosfi+sinfj+ 0k , and we see that a vector perpendicular to that is — sin 6i+ cos6j + Ok . Since this vector is

also a unit vector and points in the (positive) 8 direction, it must be ey:

| ey = —sinfi+cosfj+ 0k |

Lastly, since e, = e x e,, we get:

| e, = cos p cos Bi+ cos psin O — sin pk |

Step 2: Use the three formulas from Step 1 to solve for i, j, k in terms of e, €9, e,,.

This comes down to solving a system of three equations in three unknowns. There are many ways of doing this, but we will do
it by combining the formulas for e, and e,, to eliminate k, which will give us an equation involving just i and j. This, with the
formula for ey, will then leave us with a system of two equations in two unknowns (i and j), which we will use to solve first
for j then for i. Lastly, we will solve for k.

First, note that
sin e, + cos pe, = cos 0i + sin 0j
so that
sin f(sin pe, 4 cos pe,,) 4 cos fe, = (sin? § + cos? 0)j = j,

and so:

| Jj =sinpsinfe, + cosfey + cos psinde,, |

Likewise, we see that

cos f(sin pe, + cos pe,,) — sin fey = (cos® O+ sin® A)i = i,
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and so:

| i = sin ¢ cos fe, — sin feg + cos ¢ cos fe,, |

Lastly, we see that:

| k = cos pe, —sin pe,, |

OF OF OF OF OF OF
in terms o

Op’ 00’ 3 oz (9y 9z
By the Chain Rule, we have

Step 3: Get formulas for —

OF OF dx OF 8y OF 0z
% Gzdp ydp 0z0p
8_F:8_F@+6F8y+6F8z
06 0xr 00 Oy 0 0z 09’
OF _Oros OFdy  OF 0
Op 0r 8o Oy Op 0z dyp’

which yields:
a—F = sin cos@a—F—i—sm sm@a—F—l—cos —_—
Bp P, PTGy Ly
68—1;1 = —pSingasian—i1 —i—psingocosﬁ% (4.6.9)
oF GBF . 08F . OF
30 = pcos pcost—— + pcos psin o — psing—-

Step 4: Use the three f las f Step 3t lve f oF OF OF t faF oF OF

ep se the three formulas from Step 3 to solve for —— "By e in terms o R 0 &p

Again, this involves solving a system of three equations in three unknowns. Using a similar process of elimination as in Step 2,
we get:

or __1 ( sin’ cosGaF fsinGaF +sin g cos cosOaF>
dx  psing P ? Op 06 peose Op
% = > siln ; (p sin’ p sin 92—27 + cos 9% + sin ¢ cos p sin 9%) (4.6.10)
oOF 1 OF . OF
5 5 \pcosy o sing B
OF OF OF
Step 5: Substitute the formulas for i, j, k from Step 2 and the formulas for — 5 By 0z from Step 4 into the Cartesian gradient
OF, OF, OF
f laVF(z,y,2) = —i+—j+—k .
ormula VF(z,y, z) % oy j 5
Doing this last step is perhaps the most tedious, since it involves simplifying 3 X 3+3 X 3+2 x 2 =22 terms! Namely,
VF = 1 psin® ¢ cos 98_F —siné’g + sin ¢ cos ¢ cos 06—F> (sin g cos e, — sin Begy + cos ¢ cos fe,,)
psin Op o0 Op

.y . ,OF oF . . ,OF\ .
- psin® ¢ sin @— + cos — +sin ¢ cos  sin 6— | (sin ¢ sin fe,, + cos fey + cos psin de,,)
psingp Op 06 Op

N 1 OF . OF ( . )
pCos o sin ¢ 0 cos pe, —sin e, ),

which we see has 8 terms involving e, 6 terms involving ey, and 8 terms involving e,. But the algebra is straightforward and
yields the desired result:
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2 1 8F 10F
8 OF o+ 108, (4.6.11)

e L O
v 8pep+psingo 90 % p Op

In Example 4.17 we showed that V||r|? = 2r and A ||r||? =6, where r(z,y,2) = zi+yj+ 2k in Cartesian coordinates.
Verify that we get the same answers if we switch to spherical coordinates.

Solution

Since ||r||> = 22 +y? + 22 = p? in spherical coordinates, let F(p,0,p) = p? (so that F(p,0,¢) = |[r||* ). The gradient of
F in spherical coordinates is
OF 1 OF 1 0F

VF = e,+ ey +——e
dp " psing 80 © pop ¢

1
= 2pe, + (0)eq + ;(O)EW

psinp

=2pe, = 2pﬁ, as we showed earlier, so

r
= 2p; = 2r, as expected. And the Laplacian is

AF = ii <p2 (9F> + 1 &F + ! i (singoa—F)

2 op\" 0p) prsinp 9  pPsing Op dyp
10, 1 0
=——(p“2p)+ — (sin (0

3 ap(p p) e pQSin(pago( ¢(0))

1 0
= (20

p2ap(p)+0+0

1

(6p%) = 6, as expected.
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